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Abstract
We study the behaviour of time evolved quantum mechanical expectation values
in Lagrangian states in the limit ~ → 0 and t → ∞. We show that it depends
strongly on the dynamical properties of the corresponding classical system. If the
classical system is strongly chaotic, i.e. Anosov, then the expectation values tend to
a universal limit. This can be viewed as an analogue of mixing in the classical system.
If the classical system is integrable, then the expectation values need not converge,
and if they converge their limit depends on the initial state. An additional difference
occurs in the timescales for which we can prove this behaviour, in the chaotic case
we get up to Ehrenfest time, t ∼ ln(1/~), whereas for integrable system we have a
much larger time range.
1 Introduction and results
A striking property of chaotic dynamical systems is the universality which these systems
show in the time evolution for large times. Let (Σ,Φt, dµ) be a dynamical system, i.e., Σ
is the compact phase space, Φt : Σ → Σ the flow and dµ a normalised invariant measure
on Σ. If the system is mixing then for any ρ, a ∈ L2(Σ, µ) with
∫
ρ dµ = 1 one has
∫
a ◦ Φt ρ dµ→
∫
a dµ , for t→∞ . (1)
If we think of ρ as describing an probability distribution of initial states and of a as an
observable, then mixing means that the system forgets its initial conditions for large times
and so one needs only to know the “equilibrium state” dµ in order to predict the behaviour
of time evolved observables for large times. If the rate of mixing is fast enough this then
often implies other universal statistical features, e.g., a central limit theorem for time means
of observables.
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We want to explore to what extend this universality shows up in quantum mechanics,
too. The analogue of the expectation value in (1) is a quantum mechanical expectation
value for a time evolved state. So let U(t) denote the time evolution operator of our
quantum system, A an observable, i.e. a bounded operator, and ψ a state, we want to
know if
〈U(t)ψ,AU(t)ψ〉 (2)
converges to some limit if ~ → 0 and t → ∞, at least for certain classes of observables
and states. We will consider here Lagrangian states as initial states and bounded pseudo-
differential operators as observables.
The main difficulty in this problem comes from the fact that we have to perform two
limits, ~ → 0 and t → ∞, and these two limits do not commute. So we have to specify
precisely how we take the joint limit and we have to use semiclassical constructions which
are to some extend uniform in t. For systems which have some positive Liapunov exponents,
it was found in the late 70’s in the physics literature [BZ78, Zas81, BBTV79, BB79], that
the usual semiclassical constructions apparently can only work up to a timescale which
grows logarithmically in ~, TE ∼ ln(1/~), the so called Ehrenfest or log-breaking time.
That semiclassical constructions actually do work up to that time was rigorously proved
in [CR97] for the time evolution of coherent states and in [BGP99] for the time evolution
of observables. We will use for our work the results in [BR02] who extended the results by
Bambusi, Graffi and Paul.
The time range beyond the Ehrenfest time is not well understood yet. But results by
Tomsovic, Heller and coworkers, [TH91, TH93, OTH92], suggest that semiclassical methods
might be extended beyond Ehrenfest time. They studied for autocorrelation functions of
coherent states the question if one can extend the semiclassical propagator to timescales
which are algebraic in 1/~, and demonstrated numerically that this is possible for the
stadium billiard and some quantised maps.
One motivation for this work are the results of Bonechi and de Bievre for the time
evolution of coherent states in cat-maps, [BDB00]. They showed that in the cat-map a time
evolved coherent state becomes equidistributed just after the Ehrenfest time, but they could
control the time evolution only up to a slightly larger time range which is still logarithmic in
1/~. But since one expect a coherent state to become stretched along the unstable manifold
of the orbit on which it is centred, it might be effectively modelled by a Lagrangian state
associated with this unstable manifold. This is one motivation for studying Lagrangian
states. More recently estimates on the time evolution around Ehrenfest time have been used
in [FNDB03] to construct scared eigenstates for the quantised cat map, and in [DBR03]
the time evolution of coherent states along the seperatrix in one-dimensional systems was
investigated.
A typical Lagrangian state on a manifold M is of the form
ψ(x) = ρ(~, x)e
i
~
ϕ(x) , (3)
where ϕ is a smooth real valued function and ρ(~, x) is a smooth function with compact
support with an asymptotic expansion ρ(~, x) ∼ ρ0(x) + ~ρ1(x) + · · · for ~ → 0. The
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important geometrical object associated with ψ is the Lagrangian manifold generated by
the phase function ϕ,
Λϕ := {(ϕ
′(x), x) ; x ∈ U} . (4)
We will denote the set of these states with compact support by I0(Λ). The definition
can be extended to arbitrary Lagrangian manifolds, i.e., they need not be representable
in the form (4). Any Lagrangian submanifold Λ ⊂ T ∗M can be represented locally as
Λ = {(ϕ′x(x, θ), x) ; ϕ
′
θ(x, θ) = 0, (x, θ) ∈ U × R
κ}, where ϕ(x, θ) is non-degenerate, i.e.,
rank(ϕ′′x,x(x, θ), ϕ
′′(x, θ)(x, θ)) = d for (x, θ) with ϕ′θ(x, θ) = 0. The corresponding La-
grangian states are given by
ψ(x) =
1
(2pi~)κ/2
∫
R
κ
ρ(~, x, θ)e
i
~
ϕ(x,θ) dθ , (5)
see [Dui74, BW97] and [Ivr98, Section 1.2.1] for more details. Lagrangian states appear
quite often in applications, e.g., if ϕ(x) = 〈p, x〉 we have a localised plane wave with
momentum p or if ϕ depends only on |x| we get circular waves. Since the simultaneous
eigenstates of d commuting pseudo-differential operators are typically Lagrangian, this class
of states appears quite frequently as the result of the preparation of an experiment, e.g.,
the above mentioned examples occur if one selects initial states with certain momentum,
or certain angular momentum, respectively.
The leading order behaviour of a Lagrangian state ψ for ~ → 0 is determined by its
principal symbol σ(ψ) which, modulo phase factors, is a half-density on Λ. In the case
that ψ is of the form (3) σ(ψ) is the pullback of the half-density ρ0(x)|dx|
1/2 on Rd by the
projection pi : Λϕ → R
d. We will only encounter its modulus squared, the density |σ(ψ)|2,
which can be defined more directly by the relation
∫
Λ
a |σ(ψ)|2 :=
∫
R
d
a(ϕ′(x), x)|ρ0(x)|2 dx (6)
for any a ∈ C∞(T ∗M).
The observables we consider are given by pseudo-differential operators. We will say
that A ∈ Ψm(M) if locally A = Op[a] where
Op[a]ψ(x) =
1
(2pi~)d
∫∫
R
d×Rd
a
(x+ y
2
, ξ
)
e
i
~
〈x−y,ξ〉ψ(y) dy dξ , (7)
and the symbol a(~, x, ξ) has an asymptotic expansion a(~, x, ξ) ∼ a0(x, ξ) + ~a1(x, ξ) +
~
2a2(x, ξ) + · · · and satisfies
|∂αx∂
β
ξ a(~, x, ξ)| ≤ Cα,β(1 + |x|
2 + |ξ|2)m/2 , (8)
for ~ ∈ (0, 1] and all α, β ∈ Nd. One calls σ(a) := a0 the principal symbol of a, or of
A,, and although the full symbol a is only defined locally, the principal symbol defines a
function on T ∗M , i.e., on phase space. The operators in Ψ0(M) are bounded, and they
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will form the set of observables for which we study time evolution. See e.g. [DS99] for
more details.
Our first assumption on the system is that the Hamiltonian fits into the above frame-
work, i.e., is a pseudo-differential operator.
Condition (H). Let M be a C∞ manifold and let H ∈ Ψm(M), for some m ∈ R, be
essentially selfadjoint.
A typical example is H = −~2∆g + V , where ∆g is the Laplace Beltrami operator
associated with a metric g on M , and V is a smooth real valued function (with |∂αV (x)| ≤
Cα(1 + |x|)
m if M is not compact). For conditions on general operators from Ψm(M) to
be (essentially) selfadjoint see [DS99].
The Hamiltonian flow on T ∗M generated by the principal symbol H of H will be
denoted by Φt.
Condition (O). There exists an open connected set Ω ⊂ T ∗M which has compact closure
and which is invariant under the flow Φt.
Let ΣE := {z ∈ T
∗M ; H0(z) = E} be the energy shell of energy E and denote by dµE
the Liouville measure on ΣE . ΣE and dµE are invariant under the flow. Let us recall the
definition of an Anosov flow,
Condition (A). A flow Φt on a compact manifold Σ is called Anosov, if for every x ∈ Σ
there exists a splitting TxΣ = E
s(x)⊕Eu(x)⊕E0(x) which is invariant under Φt and where
E0(x) is one-dimensional and spanned by the generating vectorfield of Φt. Furthermore
there exist constants C, λ > 0 such that
||dΦtv|| ≤ Ce−λt||v|| for each v ∈ Es and t ≥ 0 (9)
||dΦtv|| ≤ Ceλt||v|| for each v ∈ Eu and t ≤ 0 . (10)
The two distributions Es and Eu can be integrated to give the stable and unsta-
ble foliations, respectively. We will denote the leaves through x by W s(x) and W u(x).
If the flow is smooth then the leaves are smooth submanifolds but the dependence of
the leaves on x is usually only Ho¨lder continuous, and we will denote the Ho¨lder ex-
ponent by α. The corresponding weakly stable and unstable manifolds are defined by
Wws/wu(x) :=
⋃
t∈RΦ
t(W s/u(x)). If Σ is an energy-shell of an Hamiltonian system, and Φt
the Hamiltonian flow, then W s(x) and W u(x) have the same dimension, and Wws(x) and
Wwu(x) are Lagrangian submanifolds.
An example for an Anosov flow is given by the geodesic flow on a compact manifold
of negative curvature, see e.g. [Ebe01]. If the Hamilton operator is the Laplace Beltrami
operator associated with such a metric, then the flow generated by the principal symbol of
this operator is conjugate to the geodesic flow, and its restriction to any equi-energy shell
ΣE is Anosov.
For the time evolution of the Lagrangian states the position of Λ relative to the sta-
ble foliation will be important. Namely we have to require that TxΛ contains no stable
directions for most x, this leads to the following transversality conditions.
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Condition (T). (i) If Λ ∈ ΣE then assume that TxΛ∩E
s(x) = {0} for all x ∈ Λ\Λsing,
where Λsing ⊂ Λ has at least codimension 1.
(i) If Λ ⊂ Ω and the flow is Anosov on all ΣE ⊂ Ω then for all such E assume that
Tx(Λ ∩ ΣE) ∩ (E
s(x) ⊕ E0(x)) = {0} for all x ∈ (Λ ∩ ΣE)\ΓE,sing, where ΓE,sing ⊂
(Λ ∩ ΣE) has at least codimension 1.
These conditions are generically fulfilled, so a typical Lagrangian manifold Λ will satisfy
them. We can state now the main result of this paper about expectation values of time
evolved Lagrangian states.
Theorem 1. LetM be a C∞ manifold, and H ∈ Ψm(M) be a selfadjoint pseudo-differential
operator onM , with principal symbolH0. Let Φ
t be the Hamiltonian flow on T ∗M generated
by H0, and assume condition (O) is fulfilled. Let Λ ⊂ Ω be a Lagrangian submanifold. Then
(i) if Λ ⊂ ΣE ⊂ Ω, the flow on ΣE is Anosov, and Λ satisfies condition (T)(i), then
there exist for every ψ ∈ I0(Λ) and Op[a] ∈ Ψ
0(M) constants C, c,Γ, γ > 0 such that
∣∣∣∣〈U(t)ψ,Op[a]U(t)ψ〉 −
∫
ΣE
σ(a) dµE
∫
Λ
|σ(ψ)|2
∣∣∣∣ ≤ C~eΓ|t| + ce−γt (11)
(ii) if the flow is Anosov on all ΣE ⊂ Ω, and Λ ∩ ΣE satisfies condition (T)(ii), then
there exist for every ψ ∈ I0(Λ) and Op[a] ∈ Ψ
0(M) constants C, c,Γ, γ such that
∣∣∣∣〈U(t)ψ,Op[a]U(t)ψ〉 −
∫ ∫
ΣE
σ(a) dµE
∫
Λ∩ΣE
|σ(ψ)|2E dE
∣∣∣∣ ≤ C~eΓ|t| + ce−γt , (12)
where the density |σ(ψ)|2E on Λ ∩ ΣE is defined by |σ(ψ)|
2 = |σ(ψ)|2E ⊗ |dE|.
In order that the right hand sides of the inequalities (11) and (12) tend to zero for
~→ 0 and t→∞, we have to have
t << ln(1/~) , (13)
so up to Ehrenfest time we get convergence.
Let us compare this result with mixing for the classical system. To this end assume
that ‖ψ‖ = 1, this implies that
∫
Λ
|σ(ψ)|2 = 1 and then (11) gives
〈U(t)ψ,Op[a]U(t)ψ〉 →
∫
ΣE
σ(a)dµE (14)
for t → ∞ and ~ → 0 such that ~eΓ|t| → 0. So we have the same behaviour as in the
classical system, see (1), in particular we obtain the same kind of universality. The limit
does not depend any longer on the initial state as long as it satisfies the conditions of part
(1) of Theorem 1.
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The transversality condition on the Lagrangian manifold is necessary. If Λ is for instance
the stable manifold of an periodic orbit γ, then one has for ψ ∈ I0(Λ)
〈U(t)ψ,Op[a]U(t)ψ〉 =
∑
k∈Z
bke
2pii
Tγ
kt
+O(~eΓ|t|) +O(e−γt) (15)
where Tγ is the period of he orbit, and the coefficients bk are related to σ(ψ) and σ(a). We
will discuss this in more detail in Section 3.
The result in Theorem 1 can be viewed as an analogue for time evolution of the quan-
tum ergodicity results for eigenfunctions [Sˇni74, Zel87, CdV85, HMR87]. If the classical
system is ergodic then almost all eigenfunctions become equi-distributed. Here we obtain
equidistribution under time evolution, but we need stronger conditions on the classical sys-
tem. The main open problem now is to try to extend the time range in Theorem 1. This
could then in turn be used to improve the quantum ergodicity results for eigenfunctions.
We want to compare now the behaviour found in classically chaotic systems with inte-
grable systems. Following [BR02] we introduce the following integrability condition.
Condition (I). M is analytic, and there exists a symplectic map χ from Ω into U ×Td ,
where U is an open set in Rd and Td is an d-dimensional torus such that
χ(Φt(z)) = (I(z), ϕ(z) + tω(I(z))) , ∀z ∈ Ω, ∀t ∈ R , (16)
where χ(z) = (I(z), ϕ(z)). Moreover there exists complex open neighbourhoods Ω˜, U˜ , T˜d
of Ω, U , Td such that χ is an analytic diffeomorphism from Ω˜ onto U˜ × T˜d.
According to the Liouville Arnold Theorem this situation occurs if one has d analytic
integrals of motion which are in involution and which are independent on Ω.
In the case of integrable systems one can explore larger time scales, and we obtain the
following result.
Theorem 2. Assume conditions (H), (O) and (I) are fulfilled and Λ ⊂ Ω. Then there
exists C > 0 and β > 0 such that
(i) if Λ is an invariant torus with frequency ω ∈ Rd we have for all ψ ∈ I0(Λ)∣∣∣∣〈U(t)ψ,Op[a]U(t)ψ〉 −
∑
m∈Zd
σ(a)m(I)
(
|σ(ψ)|2
)
−me
i〈m,ω(I)〉 t
∣∣∣∣ ≤ C~(1 + |t|)β , (17)
where σ(a)m(I) and
(
|σ(ψ)|2
)
−m are the Fourier-coefficients of σ(a)(I, ·) and |σ(ψ)|
2,
respectively.
(ii) if the the system is non-degenerate, i.e., ω′(I) 6= 0 on U , and Λ is transversal to the
foliation into invariant tori, then we have for all ψ ∈ I0(Λ)∣∣∣∣〈U(t)ψ,Op[a]U(t)ψ〉 −
∫
σ(a) µψ,T
∣∣∣∣ ≤ C~(1 + |t|)β + c 11 + |t| , (18)
with µψ,T = |σ(ψ)|2 ⊗ |dx|.
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The density µψ,T = |σ(ψ)|2 ⊗ |dx| can be described more explicitly in action angle
coordinates. By the transversality assumption there exist local symplectic coordinates
(I, x) ⊂ U × V such that Λ = {(I, 0) , I ∈ U} and the sets {(I0, x) , x ∈ V } belong
to invariant tori. In this coordinates the modulus square of the principal symbol can be
written as |σ(ψ)|2 = |ρˆ(I)|2|dI| and we get µψ,T = |ρˆ(I)|2|dI ∧ dx|. So integrating against
this density means that we take the mean over each invariant torus, and then integrate
these contributions weighted with the principal symbol of the state. This means that the
knowledge of the limit density µψ,T allows to determine the foliation into invariant tori,
and the distribution of the mass of the initial state across the tori.
In case of a chaotic system the situation is different. The only information on the initial
state which survives is the information on how its mass is distributed among the energy
shells. All other information is lost, and so we have the same degree of universality as in
the classical system.
The organisation of the paper is as follows. In Section 2 we reduce the quantum
mechanical problem to one in classical mechanics, here the limitations on the time range
occur. In Section 3 we extend previous results on mixing in Anosov systems and use them
to prove Theorem 1. In Section 4 we discuss the integrable case and give the proof of
Theorem 2.
2 Reduction to classical dynamics
Our aim in this section is to reduce the quantum mechanical problem to a problem in
classical mechanics. This is obtained in
Proposition 1. Assume the conditions (H) and (O), and let Λ ⊂ Ω be a Lagrangian
manifold, ψ ∈ I0(Λ) and Op[a] ∈ Ψ
0(M). Then there exists a constant Γ > 0, independent
of Λ and a, and C > 0 such that
∣∣∣∣〈U(t)ψ,Op[a]U(t)ψ〉 −
∫
Λ
σ(a) ◦ Φt |σ(ψ)|2
∣∣∣∣ ≤ C~eΓ|t| . (19)
When condition (I) is fulfilled in addition then there exists a constant β > 0 and C > 0
such that ∣∣∣∣〈U(t)ψ,Op[a]U(t)ψ〉 −
∫
Λ
σ(a) ◦ Φt |σ(ψ)|2
∣∣∣∣ ≤ C~(1 + |t|)β . (20)
The first step in the proof of this proposition is the following simple lemma.
Lemma 1. Let ψ ∈ I0(Λ) be a Lagrangian state with compact support on M , then there
exists C > 0 and an integer k > 0 such that for all Op[a] ∈ Ψ0(M)
∣∣∣∣〈ψ,Op[a]ψ〉 −
∫
Λ
σ(a) |σ(ψ)|2
∣∣∣∣ ≤ C
∑
|β|≤k
|∂βa| ~ (21)
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This is a standard result which follows from the results about application of pseudo-
differential operators on Lagrangian states, see e.g. [Ho¨r94, BW97], we have only made the
dependence on a of the right hand side more explicit. Since this Lemma is an application
of the method of stationary phase, the remainder follows from the remainder estimates in
this method, see [Ho¨r90].
The second ingredient in the proof of Proposition 1 is an Egorov theorem which is
valid up to Ehrenfest time. The problem of time evolution of observables with remainder
estimates uniform in time has been studied by Ivrii and Kachalkina in [Ivr98, Chapter 2.3].
Independently [BGP99] obtained a proof of the validity of Egorov up to Ehrenfest time
for analytic observables and Hamiltonians. These results were then extended in the work
of Bouzouina and Robert, [BR02]. In the formulation of the result we need the notion
of essential support of an operator Op[a] ∈ Ψ0(M). Recall that z ∈ T ∗M is not in the
essential support of Op[a] if there is a neighbourhood U of z such that |a(z)| ≤ CN~
N for
all N ∈ N and z ∈ U . So Op[a] is semiclassically negligible outside of its essential support.
Theorem 3 ([BR02]). Assume the conditions (H) and (O). Then there exists a constant
Γ1 > 0 such that for any Op[a] ∈ Ψ
0(M) with essential support in Ω there is a C > 0 such
that
‖U(t)∗Op[a]U(t)−Op[a ◦ Φt]‖ ≤ C~eΓ1t . (22)
A much stronger version of this theorem was proved for M = Rn in [BR02], but the
generalisation of their result to manifolds is complicated since the higher order terms of
the symbol are not invariantly defined on T ∗M . But we only need the leading order term,
i.e. the principal symbol, and since this is a function on T ∗M the result generalises to the
case of manifolds.
In case of integrable systems we will use instead the stronger Theorem 1.13 from [BR02].
Theorem 4 ([BR02]). Assume conditions (H), (O) and (I), then for every Op[a] ∈
Ψ0(M) with essential support in Ω there exist constants C > 0 and βd ≤ 5d+ 4 such that
‖U(t)∗Op[a]U(t)−Op[a ◦ Φt]‖ ≤ C~(1 + |t|)βd . (23)
We can now conclude the proof of Proposition 1.
Proof of Proposition 1. We will first assume that the essential support of Op[a] is contained
on Ω. Then by Theorem 3 we have that
|〈U(t)ψ,Op[a]U(t)ψ〉 − 〈ψ,Op[a ◦ Φt]ψ〉| ≤ C~eΓ1|t| , (24)
and Lemma 1 gives
∣∣∣∣〈ψ,Op[a ◦ Φt]ψ, 〉 −
∫
Λ
σ(a) ◦ Φt|σ(ψ)|2
∣∣∣∣ ≤ C
∑
|β|≤k
|∂β(a ◦ Φt)| ~ . (25)
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But as is well known,
∑
|α|≤k|∂
α(a ◦ Φt)| ≤ CeΓ2|t|
∑
|α|≤k|∂
αa| for some Γ2 > 0, see e.g.
[BR02, Lemma 2.4], and combining these estimates gives (19) with Γ = max{Γ1,Γ2}. For
the proof of equation (20) we use Theorem 4 together with Lemma 1 to get
∣∣∣∣〈U(t)ψ,Op[a]U(t)ψ〉 −
∫
Λ
σ(a) ◦ Φt|σ(ψ)|2
∣∣∣∣ ≤ C~(1 + |t|)βd + C ′
∑
|α|≤k
|∂α(a ◦ Φt)| ~ (26)
and with the estimate
∑
|α|≤k|∂
α(a ◦ Φt)| ≤ C ′′
∑
|α|≤k|∂
αa|(1 + |t|)β
′
d, see [BR02, Lemma
4.2], the proof is complete if we take β = max{βd, β
′
d}.
We finally show that we can reduce the case of an arbitrary observable Op[a] ∈ Ψ0(M)
to the case of observables with essential support in Ω. Let I0 := H
−1
0 (Ω) and I1 :=
H−10 (supp(σ(ψ))), where H0 is the principal symbol of H, be the energy-ranges of Ω and
the support of σ(ψ) on Λ, respectively. Then I0 is an open interval, I1 is a closed interval
with I1 ⊂ I0, and so there exists a function f ∈ C
∞
0 (I0) with f |I1 ≡ 1. Then by the
functional calculus, see [DS99], the operator f(H) is in Ψ0(M), has essential support in Ω,
commutes with U(t), and satisfies ‖f(H)ψ − ψ‖ ≤ C~. Therefore
|〈U(t)ψ,Op[a]U(t)ψ〉 − 〈U(t)ψ, f(H) Op[a]U(t)ψ〉| ≤ C~ , (27)
and since the essential support of f(H) Op[a] is contained in Ω we are done.
3 Chaotic systems
By Proposition 1 the proof of Theorem 1 is now reduced to the study of
∫
Λ
σ(a) ◦ Φt |σ(ψ)|2 (28)
and this expression is very similar to a correlation function like in (1). The only difference
is that the density ρ is replaced by a density concentrated on the submanifold Λ. Our
aim in this section is to extend existing results on mixing of Anosov flows to this modified
correlation functions. It is clear that we need a condition on the manifold Λ, as the example
of a weakly stable manifold shows. Because if Λ is the weakly stable manifold of a periodic
trajectory, then the mass of a will become more and more concentrated on that trajectory
and will not become equidistributed. This example will be discussed in more detail at the
end of this section.
Recall that a function a on a set X with metric d(x, y) is Ho¨lder continuous with Ho¨lder
exponent α ∈ (0, 1) if |a(x) − a(y)| ≤ Cd(x, y)α and the smallest constant C is called it
Ho¨lder constant |a|α. The set of Ho¨lder continuous functions on a set X will be denoted
by Cα(X). Following the usual conventions we will fix a metric on the energy shell ΣE ,
which then in turn induces metrics on submanifolds of ΣE .
We will rely mainly on Liverani’s recent result on mixing for contact Anosov flows,
[Liv03]. He shows that for any α ∈ (0, 1) there exist constants C, γ > 0 such that for
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a, b ∈ Cα(Σ) one has∣∣∣∣
∫
a ◦ Φt b dµ−
∫
a dµ
∫
b dµ
∣∣∣∣ ≤ C|a|α|b|αe−γt . (29)
Quantitative results on the decay of correlations for Anosov flows are rather recent, the
main results prior to [Liv03] were obtained by Chernov [Che98] and Dolgopyat [Dol98],
see the introduction of [Liv03] for more details on the history of this problem. Since the
restriction of a Hamiltonian flow to an energy shell is a contact flow, the result of Liverani
applies to the systems we are interested in.
We want to extend the result of Liverani to the case that one of the functions in the
correlation integral is a density concentrated on a smooth submanifold. Such results have
been obtained previously for goedesic flows on manifolds of negative curvature with certain
measures concentrated on the unstable manifolds by Sinai and Chernov. Sinai showed
in [Sin95] that mixing holds and Chernov, [Che97], showed that the correlations decay
at least like e−γ
√
t. On manifolds of constant negative curvature Eskin and McMullen,
[EM93], derived mixing if one of the functions is concentrated on certain submanifolds.
They reduced this to the classical mixing results for functions by using the hyperbolicity
of the flow. We will follow their approach, where the only additional difficulty coming in is
that the stable foliation is no longer smooth but only Ho¨lder continuous if the curvature is
no longer constant. To overcome this we use the absolute continuity property of the stable
foliation.
In the following we will assume that non-vanishing smooth densities σΛ and σΓ have
been fixed on the submanifolds Λ and Γ, so that every density can be written as σ = σˆσλ
or σ = σˆσΓ. We say then that σ ∈ C
α(Λ) if σˆ ∈ Cα(Λ) and analogously σ ∈ Cα(Γ) if
σˆ ∈ Cα(Γ).
Theorem 5. Let S be a symplectic manifold of dimension 2d, and Φt : S → S be a
Hamiltonian flow on S with Hamilton-function H ∈ C∞(S). Denote by ΣE := {z ∈
S ;H(z) = E} the energy shell with energy E and by dµE the Liouville measure on ΣE.
Assume ΣE is compact and connected, and Φ
t is Anosov on ΣE and the stable foliation has
Ho¨lder exponent α.
(i) Let Λ ⊂ ΣE be a d-dimensional submanifold which is transversal to the stable foliation
of ΣE except on a subset of codimension at least 1. Then there exist γ1 > 0 and for
every density σ ∈ Cα0 (Λ) a constant C1 such that for every function a ∈ C
α(ΣE) we
have ∣∣∣∣
∫
Λ
a ◦ Φt σ −
∫
ΣE
a dµE
∫
Λ
σ
∣∣∣∣ ≤ C1|a|αe−γ1t (30)
(ii) Let Γ ⊂ ΣE be a (d− 1)-dimensional submanifold which is transversal to the weakly-
stable foliation of ΣE, except on a subset of codimension at least 1. Then there exist
γ2 > 0 and for every density σ ∈ C
α
0 (Γ) a C2 such that for every function a ∈ C
α(ΣE)
we have ∣∣∣∣
∫
Γ
a ◦ Φt σ −
∫
ΣE
a dµE
∫
Γ
σ
∣∣∣∣ ≤ C2|a|αe−γ2t (31)
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(iii) Let Λ ⊂ S be a d-dimensional submanifold and assume that the flow is Anosov on all
ΣE with ΣE ∩ Λ 6= ∅. Assume furthermore that Λ ∩ ΣE is transversal to the weakly
stable foliation of ΣE for all E, except on a subset of codimension at least one. Then
there exist γ3 > 0 and for for every density σ ∈ C
α
0 (Λ) a constant C3 such that for
every function a ∈ Cα0 (S) we have∣∣∣∣
∫
Λ
a ◦ Φt σ −
∫ ∫
ΣE
a dµE
∫
Λ∩ΣE
σE dE
∣∣∣∣ ≤ C3|a|αe−γ3t , (32)
where σE is a density on Λ ∩ ΣE defined by σ = σE ⊗ |dE|
Proof. In order to prove (i), we will relate the behaviour of∫
Λ
a ◦ Φt σ (33)
to the behaviour of the standard correlation function∫
ΣE
a ◦ Φtρ dµE (34)
where ρ ∈ Cα(ΣE) is supported in a neighbourhood of Λ. The heuristic idea is that since
a neighbourhood of Λ converges exponentially fast along the stable manifolds to Λ, the
integral (34) will become close to the integral (33) for appropriately chosen ρ. But to (34)
we can then apply the result (29) by Liverani.
We will formalise this idea now and treat first the case that Λ is transversal to the
stable foliation. By using a partition of unity we can assume that the support of σ is in
a small compact set Λ0 ⊂ Λ, such that there is a neighbourhood Λˆ0 ⊂ ΣE of Λ0 in ΣE
in which we can choose coordinates (x, y) ∈ U ×W ⊂ Rd × Rd−1 with the property that
Λ = {(x, 0), x ∈ U} and W s(x) = {(x, y); y ∈ W}. This is where we use the transversality
assumption. Notice that since the stable foliation is usually only Ho¨lder continuous, the
transformation to this coordinate system is only Ho¨lder continuous, too. Now the absolute
continuity of the stable foliation means that there is a measurable function δx(y) which
depends measurably on x and satisfies 1/C < δx(y) < C for some C > 0 and all (x, y) ∈
U ×W , such that∫
ΣE
a ◦ Φtρ dµE =
∫
U
∫
W
ρ(x, y)a ◦ Φt(x, y)δx(y) dydx , (35)
where we have assumed that ρ is supported in U ×W , see [BS02, Chapter 6.2]. We will
now assume that ρ can be chosen to be in Cα(ΣE) and such that∫
W
ρ(x, y)δx(y) dy = σˆ(x) (36)
where σ(x) = σˆ(x)dx, we will show below that this is possible. By Ho¨lder continuity we
get now
|a ◦ Φt(x, y)− a ◦ Φt(x, 0)| ≤ C|a|αd(Φ
t(x, y),Φt(x, 0))α ≤ C ′|a|αe−αγt , (37)
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since the flow is contracting along the stable leaves, i.e., d(Φt(x, y),Φt(x, 0)) ≤ Ce−γt for
some constants C, γ > 0. Therefore we obtain with (36)
∣∣∣∣
∫
U
∫
W
ρ(x, y)a ◦ Φt(x, y)δx(y) dydx−
∫
U
∫
W
ρ(x, y)a ◦ Φt(x, 0)δx(y) dydx
∣∣∣∣
≤ C ′|a|α
∫
U
|σˆ(x)| dx e−αγt
(38)
and ∫
U
∫
W
ρ(x, y)a ◦ Φt(x, 0)δx(y) dydx =
∫
U
a ◦ Φt(x, 0)σˆ(x) dx =
∫
Λ
a ◦ Φt σ . (39)
On the other hand we have by (29)
∣∣∣∣
∫
ΣE
a ◦ Φtρ dµE −
∫
ΣE
ρ dµE
∫
ΣE
a dµE
∣∣∣∣ ≤ C|a|α|ρ|αe−γ′t (40)
and by (36) ∫
ΣE
ρ dµE =
∫
Λ
σ , |ρ|α ≤ CΛ |σˆ|α (41)
so finally we get
∣∣∣∣
∫
Λ
a ◦ Φtσ −
∫
Λ
σ
∫
ΣE
a dµE
∣∣∣∣ ≤ C(|σ|α + ||σ||L1(Λ))|a|αe−γt (42)
We still have to check that one can choose a ρ ∈ Cα which satisfies (36). Set ρ(x, y) =
ρ1(x)ρ2(x, y)σˆ(x) with ρ2(x, y) > 0 on Λ0, Ho¨lder and supported in Λˆ0, and set
ρ1(x) =
(∫
W
ρ2(x, y)δx(y) dy
)−1
(43)
on Ω. Then ρ1 is Ho¨lder, since the foliation W
s(x) is Ho¨lder, and therefore ρ is Ho¨lder too.
This completes the proof of (i) in case the manifolds are transversal.
We will now extend this result to the non-transversal case. Let Λsing = {x ∈ Λ; dimTxΛ∩
TxW
s(x) ≥ 1} be the set of point on Λ where the intersection is not transversal, and define
Λsing,ε := {x ∈ Λ; d(x,Λsing) ≤ ε}. Choose ϕε ∈ C
α(Λ) with suppϕε ⊂ Λsing,ε and ϕε ≡ 1
on Λsing,ε/2. Then ∣∣∣∣
∫
Λ
ϕεa ◦ Φ
t|σ(ψ)|2
∣∣∣∣ ≤ C|a|εd−dsing . (44)
where dsing is the dimension of Λsing.
To the integral
∫
Λ
(1−ϕε)a ◦Φ
t|σ(ψ)|2 we can apply the previous results, we only have
to pay attention to the ε-dependence of the constants. The second estimate in (41) has to
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be refined. By the definition of ρ we have |ρ(1 − ϕε)|α ≤ |ρ1(1 − ϕε)|α|ρ2|α|σˆ|α and since
the Jacobian δy(x) becomes degenerate when x approaches Λsing we get
|ρ1(1− ϕε)|α ≤ Cε
−γ′ (45)
where γ′ > 0 depends on α and dsing. Collecting the estimates yields∣∣∣∣
∫
Λ
a ◦ Φtσ −
∫
Λ
σ
∫
ΣE
a dµE
∣∣∣∣ ≤ Cε−γ′(|σ|α + ||σ||L1(Λ))|a|αe−γt + C ′|a|εd−dsing (46)
and choosing ε = e−γ
′′t with γ′′ = γ/(γ′ + (d− dsing)) gives∣∣∣∣
∫
Λ
a ◦ Φtσ −
∫
Λ
σ
∫
ΣE
a dµE
∣∣∣∣ ≤ C(|a|α + |a|) e−γ1t (47)
with γ1 = γ(d− dsing)/(γ
′ + (d− dsing)).
The proof of (ii) is based on (i). Define for some δ > 0 Λ :=
⋃
|t|<δ Φ
t(Γ) ⊂ ΣE , then
Λ is transversal to the stable foliation except on a subset of codimension at least one. If
s ∈ U ⊂ Rd−1 are local coordinates on Γ, then (r, s) |r| < δ are local coordinates on Λ.
Let ρ be a smooth function with compact support in |r| < δ,
∫
ρ(r) dr = 1, and define
ρε(r) :=
1
ε
ρ(εr). If we write σ = σˆ(s) ds and σε := σˆ(s)ρε(r)dsdr, we have∣∣∣∣
∫
Γ
a ◦ Φt σ −
∫
Λ
a ◦ Φt σε
∣∣∣∣ =
∣∣∣∣
∫
U
a(t, s) σˆ ds−
∫
U
∫
R
a(r + t, s) ρε(r)σˆ(s) drds
∣∣∣∣
≤
∫
U
∫
R
ρε(r)|a(t, s)− a(r + t, s)| dr σˆ(s) ds
(48)
but ∫
R
ρε(r)|a(t, s)− a(r + t, s)| dr =
∫
R
ρ(r)|a(t, s)− a(εr + t, s)| dr ≤ C|a|αε
α (49)
and therefore ∣∣∣∣
∫
Γ
a ◦ Φt σ −
∫
Λ
a ◦ Φt σε
∣∣∣∣ ≤ C||σ||L1(Σ)|a|αεα . (50)
On the other hand with |σε|α ≤ C|σ|αε
α−1 and ||σε||L1(Λ) = ||σ||L1(Γ) we obtain from (i)
that ∣∣∣∣
∫
Λ
a ◦ Φt σε −
∫
ΣE
a dµE
∫
Γ
σ
∣∣∣∣ ≤ C|a|α(|σ|αεα−1 + ||σ||L1(Γ))e−γ1t . (51)
If we now choose ε = e−γ
′t with γ′ > 0 and (1− α)γ′ > γ1, the proof of (ii) is complete.
Part (iii) then follows immediately by writing∫
Λ
a ◦ Φtσ =
∫ ∫
Λ∩ΣE
a ◦ ΦtσE dE (52)
and applying (ii) to the integral over Λ ∩ ΣE on the right hand side.
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Theorem 1 is now a straightforward consequence of Proposition 1 and Theorem 5.
Let us end this section by discussing the meaning of the transversality condition. Let
us first look at the example that Λ is the stable manifold of an periodic orbit γ with
period Tγ . Let (r, x) ∈ S
1 ×Rd−1 be coordinates on Λ such that γ is given by x = 0 and
Φt(r, 0) = (r + t mod Tγ , 0), then∫
Λ
a ◦ Φt σ =
∫ Tγ
0
∫
R
d−1
a(r + t, x(t))σˆ(r, x) drdx . (53)
With |a(r + t, x(t)) − a(r + t, 0)| ≤ Ce−γt and by inserting the Fourier series a(r, 0) =∑
k∈Z ake
2pi
Tγ
ikr
we obtain
∫
Λ
a ◦ Φt σ =
∑
k∈Z
akσ˜ke
2pi
Tγ
ir
+O(e−γt) (54)
with σ˜k =
∫ Tγ
0
∫
R
d−1 σˆ(r, x) dx e
2pi
Tγ
ikr
dr. So in this case we do not get convergence for large
times, and together with Proposition 1 this gives (15). This example shows that some
condition on the position of Λ with respect to the stable foliation is necessary.
4 Integrable systems
In this section we give the proof of Theorem 2 and discuss the situation for integrable
systems.
Proof of Theorem 2. By Proposition 1 we have to study the behaviour of∫
Λ
σ(a) ◦ Φt |σ(ψ)|2 , (55)
for large t. Assume first that Λ is a part of an invariant torus. In action angle coordinates
(I, x) ∈ U ×Td it is the given by Λ = {(I, x), x ∈ V ⊂ Td}, so we get∫
Λ
σ(a) ◦ Φt |σ(ψ)|2 =
∫
Td
σ(a)(I, x+ tω(I))|ρ(x)|2 dx . (56)
If we insert now for σ(a)(I, x) its Fourier series in x we obtain∫
Λ
σ(a) ◦ Φt |σ(ψ)|2 =
∑
m∈Zd
σ(a)m(I)
∫
Td
ei〈x,m〉|ρ(x)|2 dx eit〈ω(I),m〉 , (57)
which is equation (17) in Theorem 2.
In order to prove equation (18) we notice that the transversality assumption on Λ
with respect to the foliation in invariant tori implies that in action angle coordinates
(I, x) ⊂ U × V Λ can locally represented by a generating function
Λ = {(I, ϕ′(I)) , I ∈ U}. (58)
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Therefore we have∫
Λ
σ(a) ◦ Φt |σ(ψ)|2 =
∫
U
σ(a)(I, ϕ′(I) + tω(I))|ρˆ(I)| dI , (59)
and inserting for σ(a) again the Fourier expansion in x leads to
∫
Λ
σ(a) ◦ Φt |σ(ψ)|2 =
∑
m∈Zd
∫
U
σ(a)m(I)e
i〈m,ϕ′(I)〉eit〈m,ω(I)〉|ρˆ(I)| dI , (60)
The non-degeneracy condition ω′(I) 6= 0 implies that there exist a constant C > 0
|∇I〈ω(I), m〉| ≥ C|m| , (61)
for all I ∈ supp ρˆ. Now by the non-stationary phase estimates, see, e.g., [Ho¨r90, Theorem
7.7.1], on gets
∣∣∣∣
∫
U
σ(a)m(I)e
i〈m,ϕ′(I)〉eit〈m,ω(I)〉|ρˆ(I)| dI
∣∣∣∣ ≤ C|m||σ(a)m|1|ρ|1 11 + |t| (62)
for m 6= 0. And therefore we finally obtain
∫
Λ
σ(a) ◦ Φt |σ(ψ)|2 =
∫
U
σ(a)0(I)|ρˆ(I)|
2 dx+O(1/t) (63)
and so the proof of Theorem 2 is complete.
There are a couple of directions in which one probably can extend and improve Theorem
2. We have only studied the two extreme cases of the position of Λ relative to the foliation
into invariant tori. Certainly the transversal case is (locally) generic, but the case that the
intersections are clean can be studied without much additional effort, one would expect an
oscillatory behaviour in this case. It appears as well to be very interesting to investigate
the behaviour of the time evolution close to singularities of the foliation into invariant tori.
Another direction where one can generalise some of the results is to more general classes
of systems. Namely by using normal forms around invariant tori in general system on can
extent the result (i) to that case. Such invariant tori occur typically in situation described
by KAM theory, e.g., for perturbed integrable systems, and close to elliptic orbits.
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